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ABSTRACT

The paper is a theoretical analysis of the supply curve of labor
under the particular non-linear budget constraint arising from earnings-
tested income maintenance programs. The joint effects of the income
benefit, the implicit tax on earnings and the earnings disreqard are
analyzed, demonstrating that the individual supply curve must have a
backward-bending section and a discontinuity; that changes in the tax
above some critical rate have no effect on labor supply, and that the
aggregate effect of a reduction in tne tax below the c¢ritical rate is
ambiguous. In the absence of an earnings disregard, the benefit may
constitute a fixed cost of labor force participation, causing a higher

reservation wage and a discontinuity of supply at that waage.

The paper is a revised version of an earlier paper, The Effect

of Soveial Security Benefits on Labor Supply (National Insurance Institute,

Jerusalem, Discussion Paper 11, May 1976).




I. INTRODUCTION

Considerable effort has been devoted in recent years to analysis
of the labor supply effects of various current or proposed 1ncumé' |
maintenance programs. There have been numerous écoqometric'studies
as well as several large-scale experiments to estimate the effects on
labor supply of a gquaranteed minimum income combined with a tax oﬁ
-earningsi Curiously, in all these a basic element in labor supptly
analysis--the form of the individual supply curve-~has been neglected.
The failure to consider explicitly -fhehparticu1ar form of the suﬁp1y
function may have resulted in non-negligible biases in empirical

estimations and possibly in poor program design in several income

maintenance schemes.

The provision of an income benefit and an implicit tax on
earnings creates a nonlinear budget constraint. This implies in
turn a segmented labor supply curve which must be defined SEpaFate1y
for each wage interval corresponding to each of several cases.
Empirically, a supply curve of this form requirés the separate
treatment of individuals on the vériaus segments. A simple supply
function which inc]udes the 1mp1ic1t tax rate and the income
guarantee is not appropriate in this case. Moreover, the endogeneity
of the individual's position on the supply curve must be treated.
Individuals (or families) choose to participate or not in an income
maintenance program by adjusting their labor force behavior and their

earnings. This selection process introduces a bias into the




estimations unless explicitly recognizedj-

This paper presents a theoretical analysis of labor supply when
the individual is assumed to maximize utility subject to the particular
noniinear budget constraint arising from earnings-tested income

maintenance programs. The joint effecés of the benefit, the garnings
| disregard, and the implicit tax on earnings are analyzed, demonstrating
that the individual supply curve must have a backward-bending section
and a discontinuity. One of the implications of a curve of this form
is that the aggregate labor supply effects of a reduction in the
implicit tax rate are ambiguous. While current recipients may increase
their hours of work because of higher after-tax wages, those who had
formerly opted to forego benefits under the higher tax may reduce
their labor supply in order to receive some benefits under the Jower
rate. These conclusions are important in light of the tendency in
recent years to reduce tax rates in various income maintenance programs,
primarily due to labor supply considerations. The implicit tax in
the U.S. ATd to Families ﬁith Dependent Children program, thé jargest
public assistance program, was reduced from 100% to 67% , and the
implicit tax in the U.S. Social Security retirement test was reduced
from 100% to a two-tiered system of 50% and 100%, and later to a
single rate of 50%. The 18/5 U.S. Advisory Council on Social Security,

moreover, has recommended a further reduction in the rate.




The paper demonstrates in addition that reductions of the

. implicit tax in the range above a critical tax rate leave the supply
of labor unchanged, and that, in the absence of an earnings disregard,
the income benefit may constitute a fixed cost of labor force partici-
pation, causing a higher reseruatiﬁn wage and a discontinuity of

supply at this wage, for tax rates above the critical rate.

The present analysis uses the static optimization model of
leisure and goods for a single consumer, Extensions of the model
to include intra-family effects and 1ife-cycle considerations (which
may be important in some age-related income maintenance programs,
such as those providing retirement benefits) are not explicitly
treated here, but can be ﬁeveloped along similar 1ines. This
analysis may also be used to examiné iabor suﬁp1y and participation
effects of changes in program parameters other than the 1mp11citi
tax rate, such as the levels of the income benefit and the earnings

.disregard.

Empirical methods for dealing with the implications of the
theoretical labor supply curve analyzed herein will be presented in

a separate paper.




I1. THE MODEL

The following definitions and assumptions are.adopted:

B =
M=

>
I

T =
L =
H =
The

iS a

income benefit

earnings disregard, i.e., the maximum earnindgs allowed
before reductions in benefits

consumption (other than leisure), measured in-units of money
the implicit tax rate on earnings, where 0 < t < 1

hourly wage rate (assumed given and independent of hours
worked)?

maximum number of avajilable hours

hours of leisure

hours of work

individual's uti]itylfunction is U(X,L) = U(X, T-H), which

ssumed to have the usual properties, with both X and L

normal goods,

In the absence of an income maintenance program, the conditions

for optimality for given wage W and non-wage income Y, are:3
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Conditioﬁs (1) yield the {normal) supply of 1abo£ﬁ(for wages
above the reservation wage):

H* (W, Y), satisfying H* > 0, oHY < 0, and gﬂ:—: 0.by assumptmn.4

3Y W

The indirect utility function U*(W, Y) is the corresponding

maximum Jevel of utility, i.e.,

U*(N, V) = U [WH*(W, V) + Y, T-H*W, Y)1, (2)
U* satisfying: Eg;- > 03 u= 0; 3%;. aux H*.5
oW Y W 3Y

Under an income maintenance program with benefit B, earnings
maximum M, implicit tax t, and zero other non-wage income (by assumptiun),

the budget constraint becomes segmented (Figure 1), such that:

X=){a) WH+ B, for WH < M (case 2 in Fig. 1)

(b) WH + B -t (WH - M) = (1-t)WH + (tM + B),

forM< Wi <M+ 2 (f.e.,0<t (WH-M) <B)

{case 4 in Fig. 1)

(c) WH, for WH > M F’%—(case 5 in Fig. 1)




(b) implies that we may view the individual whose earnings

are in the range where the implicit tax is effective as having a wage

of W(l~t) and non-wage income = tM + B. The budget constraint may be

summarized as follows:
X = WH + Max [0, B -t Max (0, WH - M)] (3)

The segmented budget constraint implies a segmented labor supply
function of the individual and requires that the supply curve be
defined separately for each wage interval corresponding to each of
several caSES.6 The critical .values defining these wage intervals

are found as solutions to the following five implicit equations:
H*(wl. B) = 0 (4)

where W, 1s the reservation wage, the minimum wage at which the ‘individual
(receiving benefit B) enters the market. wl gives tangency between the

indifference curve and the no-tax segment at H* = 0 (See Figure 2).

* W,y B) = Eé (5)

where w2 is the wage which gives tangency between the indifference

i

curve and the no-tax segment at the earnings maximum (such that HZH* = M)

(See Figure 2).




FIGURE 1. The Segmented Budget Constraint Under an Income
Maintenance Program
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FIGURE 2. Critical Wage Rates Under t>t,

u=U(Ws.0)

u= U*(WQB)

us= U'(W1,B)




H* (W, (1-t), tM + B) = N (6)
3 N3
where w3 is the wage which gives tangency between the indifference
curve and the tax segment at the earnings maximum (See Figure 3). The
slope of the tax segment is W,(1-t), and the individual behaves as if

his non-wage income were tM + B (See Figure 1).

UM + B, T - D) = uxiy, 0) (7)
"y
where u*(w4, 0) is the indirect utility function (Equation 2),
corresponding to W = W, and Y = 0. W, is the wage at which the consumer
is indifferent between remaining at the corner solution corresponding

to the earnings maximum, with income M + B and hours of work M-, or

Wy
opting out of the system by foregoing the benefit B, and working
H = H* (W, 0) hours, corresponding to the tangency solution on the

Y = 0 budget line (See Figure 2).
U*(ws(l-t), tM + B) = U*(Hs-, 0) (8)

where w5 is the wage at which the individuai, once on the tax
segment, is indifferent between remaining there or opting out of the

system by working more and foregoing all benefits (See Figure 3).

A



FIGURE 3. Critical Wage Rates Under t<t,




We proceed to define the supply curve over its en?ire range.
It may be shown that: Hl‘:' Wy <Was Wy < Wps  Wa< W< Wg, for
0° t< t, (where t, is a critical rate such that Wy = W,= Wg; see
below, and see Appendix for proofs).-It is demonstrated that the supply
curve will take on two basic forms, depending on the value of t. For
t greater than the critical value to‘ the tax segment is not effective,
apd the individual moves directly by a discontinuous "“jump" from the
corner solution at the earnings maximum to a point outside of the

benefits system, where he foregoes the benefit B. Wages w3 and w5 are

not relevant in this case.

For cases where t 1s less than tb, he moves on to the tax
segment fromthe corner at Wy, and at some wage Wg (higher than w4)
becomes indifferent between remaining on the tax segment, or moving

out of the system, implying a discontinuity of the supply curve at w5.

Define W* = Min (N3, w4). "The supply of labor is then given as

foliows:
Point in
Figure 1,
H=0, for W< W, 1 (9)
H = H*{W, B), for wliwf_wz 2
H= D, for W, < W < W* 3

W* 2 —




Point in
Figure 1
[F W* = W3 < Wy, ther (10)
H= H*¥{W(l-t), tM + B), for Wx < W < NS 4
and H = H*(W,0), for W > w5 . 5
If W = Wy < W, (11)

H = H*(W,0), for W > W* = N4

We now determine W*. Define t0 as the tax rate which gives
w3 = w4 = w5. A geometric definition of 1:0 is provided in Figure 2,

where the dotted 1ine AA', which is tangent to the indifference curve

Ch u*(w4, 0) at the corner A, has a slope - g%-= w4(1-t0). Substi-

%uting w4 in Equation (6), which defines w3, gives an implicit

equation for tg:

% (W (1=t ), t M+ B) = %ﬁ

3< Nq‘i HS, and

for t > tﬁ’ Wk = w4 < w3. This follows since w3 is an increasing

Then it may be shown that, for t < to’ W* = W

function of t (See Appendix (i) for proof), while Wy is independent
of ti Thus, if at to’ w3 = w4, then for t > to’ w3 > w4.

The labor supply curve is shown in Figure 4. The supply curve

is initially postively sloped over the range where the effective tax




FIGURE 4. Labor Supply Curves Under an Income Maintenance Program

_-
| )

. tg
H* (W(1-1), tM"B
9

N

w4_-....___.:__tztg ._
TGl
. /

/

//
H
(w.B) y

b /

'
//
,/
W -
"
L




-10-

rate is zero (earnings below the maximum M), optimal hours of work
are a function of the wage (higher than the reservation wage wl)
with Y equal to the benefit B. At the corner solution wage W,,

the supply curve bends backward and becomes a rectangular hyperbola,
where earnings WH are always equal to the maximum M, correspondind
to the corner solution at (3) in Figure 1. For t > t0 (and thus

Wy > w4), this section continues until wage W,, at which the
individual is indifferent between remaining at the earnings haximum,
or increasing his earnings above the maximum and foregoing the
benefit. For wages above w4, he moves onto the continuation of the
supply curve H*(W, 0) which would have been' in effect in the absence

of the program,

For t <« to‘ such that w3 < w4, the individual moves, as his waae
increases, from the earnings maximum on to the tax segment, at wage w3,
where his labor supply is given by H*(W(1-t), tM +B). He proceeds
along the tax segment until his rising wage reaches the level w5, at
which he is indifferent between remaining on the tax segment, or

opting out of the system, to the supply curve H*(W, Q).

Thus, for any income maintenance system which imposes an
implicit tax on benefits for earnings over a given maximum, the
supply curve exhibits both a backward-bending section and a discontinuity.
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The income and tax effects of income maintenance'benefits, when
benefits are conditioned on earnings, ére discernible from Figure 4.
At any given wage, the "income effect" is measured as the horizontal
distance between the upward-sloping supply curves H*(W,0) and H*{W,B},
which differ only by the effect of income B (and on which t = 0).

The "tax effect" is the horizontal distance between the actual

segmented supply curve, and the “mo-tax supply curve” H*(W, B).

Two implications of the model are readily apparent. The tax
effect does not vary for changes in the tax rate in the range above
the critical to' In other words, reductions in t to a rate greater

than tO will have no effect on labor supply.

» Secondly, a reduction in the tax to a rate smaller than t0 may
fead to an increase or decrease in hours of work for the individual,
depend%ng on his wage (relative to the critical wage rates, which are
influenced by his preferences as well). A decrease in the tax for
those in the wage range W, to Wy increases hours of work (from the
corner H = %—to the Fax segment). For a wage above N4 but below ws,
the individual who had foregone the benefit under t > 1:0 now reduces

his hours of work by moving along the tax segment of the supply

curve (See Figure 5 below).

Thus, while both the income and wage effects of a reduction in

the tax rate tend to increase labor supply for any individual who is a




FIGURE 5. An Effect of a Reduction in the implicit Tax Rate
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recipient of benefits, the reduction in the tax may bring into the
system and reduce the labor supply 0# individuals who, under the higher
tax, would have foregone the benefit. For these individuals, the optimal
point under the reduced tax corresponds to a lowér wage and a higher
income than the corresponding optimal point outside of the system under

the higher tax.

In the aggregate, the effect of a reduction in the implicit
tax to any t below t0 depends on the distribution of wages in the
relevant wage ranges. If all individuals have the same Tabor supply

curve, and if the wage distribution is uniform between W, and W

3
then the aggregate effect of a reduction in the tax rate to t

5!

(0 < t < to), depends on the size of the area (a) relatjve to (b + d)
in Figure 4. The effect of complete elimination of the tax, when
-initially t > t , depends, under similar assumptions, on the size

of area (a + c) relative to (d + e); and, when initially t < ta’ ﬁn
area (b + ¢) relative to (e}, In other words, it is possible, and

quite probable, that a reduction in the tax or its elimination may
lead to a reduction rather than an increase in the aggregate labor
supply.

The basic features of the model and the effect of varying t can

be illustrated by use of a simple Cobb-Douglas utility function:

>
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U(L,X) = L%X = (T - K)* X, where « >-O7 (13)

Deriving the first-order conditions for a maximum, as given in
Equation (1}, for the particular form (13} and solving for H yields

the labor supply equation:

N | o Y
(W, T = e - 1 — (14)
aH* oY aH* o 1
where - = — g > 0 and —- = < — < 0
3W (1+a) W 3y o

Using (14), solutions for the five wages defined implicitliy in
(4) - (8) can be derived. Substituting (14) into (4), (5) and (6)

gives explicit solutions for wl, w2 and Was respectively:

_ abB
- aB + £1+u!M
Hz T (16)

_ gB + (l+a-t)M
My = et gt (17)

It is easily verified that Wy > wz > W,. The implicit equations
for w4 and We involve the indirect utility function U*(W, Y}. Substituting

(14) into (13) gives, after some-algebraic manipulations, the particular
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form of the indirect utility function as follows:
— a -(1"’"&) o —_ 1+ o ~g :
U (W, 1) = o*(14q) (Y + W)W (18)

When Y= 0 and W =W (i.e., outside the benefit system), maximum

utility U* is proportional to the wage rate W:
U* (U, 0) =o&(14a)(IFedplboy (19)
and along the tax segment, when Y = tM + B and W = W(1-t):

U (W(1-t), th +8) = a®(1+a) (1) [ (1og)uTe (meB)) TPOMM(1-8)1 7 (20)

Substituting (19) and (20) into (7) and (8}, respectively, gives the

implicit equations for Wy and ws as follows:

(M + B) (T - {}4)51 = o* (1+m)-(1+&) T1+EW4, (21)
(I-t)HT + (2 + B)11° (g (1-t)) ™ = T1+“w5 (22)

Assigning vaiues of o = 2 and T'= 24, and using the approximate

daily values of the retirement benefit and earnings maximum in the
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Social Security program in Israel as an example (M = IL 12 and a
flat-rate benefit B = IL 6/day), we can simulate the éuppTy,curve
of labor for those eligible for benefits and in the ages affected

by the earnings test (65-70 years for males; 60-65 for females),

. 8
who have zero non-wage income.

The implicit tax rate in the Israeli system is 100%. The
value of t0 was computed to be h549, implying that a reduction in
the 100% tax to any rate equal to or above 54% would have no
effect, in this case, on the supply of labor. Hours of work for any
wage rate W are found by substituting (14) into expressions (9) - (11).

The supply curves are depicted in Figure 6.

The labor 'supply curves corresponding to tax rates below t0
indicate that a reduction in the tax rate (from .4 to .2 in Figure 6)
1imits the tax effect below the opting-out wage w5, but increases-ws
(from 4 to 6.8), and thus reduces hours worked for wages in the range
between the two levels of w5. The net aggregate effect, as discussed
above, depends on the relative magnitudes of the two effects, as well

as on the wage distribution.

We now examine the influence on labor supply of the income
benefit and the implicit tax in the absence of an earnings disregar‘d.l0
For M = 0, the tax segment of the budget constraint Eeg1ns at H = 0;

thus Nl and w2 are not app]icaﬁ]e. In the case of t > to, only w4




FIGURE 6. Labor Supply Under Cobb-Douglas Utility and Various Tax Rates
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is relevant, with the implication that the amount of

labor H will be either zero, or greater than a positive minimum Ho

(See Figure 7). The wage at which the individual is indifferent between
being at the corner or opting out of the system is thus equal to his
reservation wage H4. The benefit B is, in fact, never received by
workers, and is accepted by non-workers oniy. Thus it becames'an
a]ternatiﬁe fixed cost of entry relevant to the participation decision,

i the effect of a fixed cost is to

As has been pointed out elsewhere,
increase the reservation wage above the shadow price of time at zero
hours (in this case, from Hl to w4), and to produce a discontinuity of

the supply curve at the reservation wage.12

In the case of t < to’ only H3 and w5 are relevant, and the supply
curve has a discontinuity at w5, which is higher than wage w3. Again,
the effect of a reduction in the implicit tax rate on aggregate labor

supply is ambiguous (See Figure 7).




FIGURE 7. Labor Supply Curves under Income Maintenance
Programs with Zero Earnings Disregards
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[II. SUMMARY

The model presented above has been developed to analyze the effects
of income maintenance programs on hours of work. The implications of
both the increase in income from the program as well as the implicit tax
on earnings and the earnings disregard are analyzed, and hypothetical
supply curves are derived. It is demonstrated that the effect on
aggregate labor supply of reductions in the implicit tax rate is
ambiguous, such that reductions in the tax rate may produce a decrease
rathér than an increase in labor supply. Moreover, it is shown that

reductions in the tax to a rate above some critical rate will have no

effect on the supply of labor.

Finally, in the absence of an earnings maximum, and if the implicit
tax on earnings is high, the effect of the income benefit is to reduce
labor supply in a way analogous to the effect of any fixed cost associated
with entry into the labor force, by increasing the reservation wage

and inducing a discontinuity of supply at this wage.

The model presented above has been applied to the retirement benefits
program in Israel. It is, however, applicable to any income maintenance
program which contains income béhef1fs and an implicit tax on earnings,

with or without an earnings diéregard, and may be appliied to the various

negative income tax proposals.




APPENDIX: Proofs

oW
(i) -3-£§-> 0:

Differentiating (6) implicitly with respect to the tax rate

t gives:
oW . 3 W
. °¥3 we. M 2'3
Hl[(l-t) 3 w31 + HOM 7 3
3
%* H* * IH* |
where Hl = m—a—(ﬁﬂ- > 0. H2 = amd 0, by assumption.
3
W4
Solving for T gives, therefore
3W3 HSH; - MH;
3T (-t)Hr + MMLZ X
1 3
(i1) Wy < Wy

Given H*(W., B) = 0 and H*(W., B) = H» 0 -
1 2 W, 9

since ¢ >0, by assumption, H (Nl, B) < H (Nz, B) implies wl < W,.




(ii1)

(v)

W

=19

X

> < w3:
Given H*(W,, B) = M and H¥*(W,(1-t), tM + B) = M

2° w2 3 ’ w3=

| BHB

then for t = 0, wz = ws. Since ﬁ——f}-o by (‘i) above’ and
BNZ
EE—* 0, then if t » @, w3 > Hz
Nz < H4:

Define X* = YV + WH* (W, V). Then X*(W,,B) = M+ B (Eq. 5),
and x*(w4, 0) > M+ B (See Fig. 2).
Therefore X*(Wy, 0) > X*(My» B). But X*(W,, B) > X*(W,, 0)

L * L i
since Chid > 0 if X is a normal good.

aY
Therefore, combining these resu]ts,x*(wq, 0) > X* (wz, 0).

Since clearly 2= 5 0, this implies W, > W,.
oW

If t < to’ then w3 < w4 < ws. If t-= to‘ then w3 = w4 = ws,
by definition. W, < W, fort < t, is implied by (i) above.
If t < to’ then at wage N4 the individual‘s optimal point is
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still on tpe tax segment {the tax segment intersects the
indifference curve u = U*(W,, 0); see Figure 2). Hence the
jump out of the system occurs at w5 > w4. (An alternative

proof can be given, showing that %%5-< 0).




u?Z]-

FOOTNOTES

1. Recently, some empirical studies have taken into account these °
problems without explicitly recognizing the complete form of the
subply function and the conditions for choice of its relevant-

branch., See Rea (1974), Hall (1975) and Moffitt (1977).

2. We abstract from restrictions on the demand side which may make it
impossible to vary hours of work continuously at a fixed given wage.
The analysis is intended to emphasize the economic factors at work
on the supply side rather than the outcomes of both suppﬁy and

demand factors.

3. Under the usual assumptions (of monotonicity and quasi-concavity)}
on the utility function, these first order conditions are not only
necessary but also sufficient for an interior solution (i.e., for

positive hours of work).

4. We maintain throughout the'assumpticn of an upward-sloping supply
curve, which is not unreasonable for the lower part of the wage

distribution relevant to the receipt of income maintenance benefits

under an earnings test.

5. For a discussion of the application of the indirect utility

function to labor supply analysis, see Hanoch (1976a).
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The segmented budget constfaint precludes the use of a simple
function in an empirical estimation of labor supply, since it
implies discontinuities in the level and the slope of the supply
curve, as we11las corner solutions, as shown bejow. It also
requires that the estimations také into account the endogenous
nature of the choice of the relevant seament of the budget
constraint, or the corresponding branch of the supply function.

See fn., 1.

(13) is equivalent to a linear homoaeneous utility function
Ay L=X . Lo ' . .
U= (T - H)})" X , where A = e - On use of this function

in labor supply, see Hanoch (1976a).

This example is treated more fully in Hanoch and Honig (1976).
The numerical illustration 5f the model is carried out in units
of hours per day, which may represent an average over the month
or year. The values of o and T should be determined empirically
and the values used above are merely illustrative. They are,
however, not unreasonabie. A value of o = 2 yields the result
that in the absence of income maintenance benefits and other

income, the individual allocates one-third, or eight hours, of

'his time to work. (The 1neTéstic supply curve is a result of

the assumption of zero non-wage income. The usual upward-sioping

curve appears when non-wage income Y takes on positive values,

as seen in (14)).




aB +.{1+a-to)M
9. Substituting N4 for N3 in Eq. (17) gives w4 = __-(T-—‘EFW_ .
! 0
\ . _ al(B + M -
so that the value of t  is given by ty © 1--—4wz—:ﬁl .

10. While many current income maintenance programs provide for an
earnings disreqard, it is not a feature of most negative income
tax proposals. In Israel, the retirement benefits proaram

allows for an earnings disregard only {f non-wage income is low.

11, See Cogan (1977), and Hanoch {1976a), p. 42.

12, On estimating labor supply under fixed costs of entry, see
Hanoch (1976b).
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